
13.2 Calculus on 3D Curves 
2D Example: Consider 

𝑥 = 𝑡, 𝑦 = 2 – 𝑡2   
which can also be written as 

𝒓(𝑡) = 〈𝑡, 2 − 𝑡2〉 
 

Find 
𝑑𝑥

𝑑𝑡
 and 

𝑑𝑦

𝑑𝑡
. 

 
 
 
 
 
 
 
 
 
 
 

When 𝑡 = 1… 
  Find the location. 
  Find the slope of the tangent line.  
  Find a vector in the direction of the    
  tangent line. 
 
 
 
 
 
 
 
 
 
 
 
 
 



Visual of last example: 
 

𝒓(𝑡) = 〈𝑡, 2 − 𝑡2〉 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
And 

𝒓⃑ ′(𝑡) = 〈𝑥′(𝑡), 𝑦′(𝑡), 𝑧′(𝑡)〉 

is a tangent vector to the curve. 
Do calculus component-wise! 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

In general: Vector Calculus 
For  𝒓⃑ (𝑡) = 〈𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)〉,  we define 

𝒓⃑ ′(𝑡) = lim
ℎ→0

⟨
𝑥(𝑡 + ℎ) − 𝑥(𝑡)

ℎ
,
𝑦(𝑡 + ℎ) − 𝑦(𝑡)

ℎ
,
𝑧(𝑡 + ℎ) − 𝑧(𝑡)

ℎ
⟩   

which is the same as   
𝒓⃑ ′(𝑡) = 〈𝑥′(𝑡), 𝑦′(𝑡), 𝑧′(𝑡)〉 



Example 
 𝒓⃑ (𝑡) = 〈𝑡, cos (2𝑡), sin (2𝑡)〉. 
1. Find 𝒓⃑ ′(𝑡). 

2. Find 𝒓⃑ (0) and 𝒓⃑ (𝜋/4). 
3. Find 𝒓⃑ ′(0) and 𝒓⃑ ′(𝜋/4). 

4. Find the unit tangent vector 𝑻⃑⃑ (𝑡) 
at 𝑡 = 𝜋/4. 
 
 
 
 
 
 
 
 
 
 
 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Example Continued 
𝒓⃑ (𝑡) = 〈𝑡, cos (2𝑡), sin (2𝑡)〉. 

5. Find parametric equations for the 
tangent line at 𝑡 = 0. 

6. Find parametric equation for the 
tangent line at  𝑡 = 𝜋/4. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Example: Antiderivatives 
First some review  
Find the antiderivative of  

𝑓’(𝑡) = sin(𝑡) + 𝑒2𝑡 −
𝑡3

5
  

with 𝑓(0)  =  7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Now find the antiderivative of 

𝒓⃑ ′(𝑡) = 〈𝑒3𝑡 , 𝑡4, sin(𝑡) − 𝑡〉. 
with 𝒓⃑ (0) = 𝒊 + 3𝒋 − 2𝒌. 
 
 
 
 
 
 
 
 
 
 
 
 



 

3D calculus from today 
𝒓⃑ ′(𝑡) = 〈𝑥′(𝑡), 𝑦′(𝑡), 𝑧′(𝑡)〉       tangent vector  (13.2) 

𝑻⃑⃑ (𝑡) =
1

|𝒓⃑ ′(𝑡)|
𝒓⃑ ′(𝑡)          unit tangent vector (13.2) 

∫ 𝒓⃑ (𝑡)𝑑𝑡 = ⟨∫𝑥(𝑡)𝑑𝑡, ∫𝑦(𝑡)𝑑𝑡,∫ 𝑧(𝑡)𝑑𝑡 ⟩    𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 (
13.2

4
) 

 

To find the tangent line to  𝒓⃑ (𝑡) at 𝑡 = 𝑡0 
Step 1: Compute 𝒓⃑ (𝑡0) = 〈𝑥(𝑡0), 𝑦(𝑡0), 𝑧(𝑡0)〉. Use as 〈𝑥0, 𝑦0, 𝑧0〉. 
Step 2: Compute 𝒓⃑ ′(𝑡0) = 〈𝑥′(𝑡0), 𝑦′(𝑡0), 𝑧′(𝑡0)〉. Use as 〈𝑎, 𝑏, 𝑐〉. 
Step 3: 𝑥 = 𝑥0 + 𝑎𝑡, 𝑦 = 𝑦0 + 𝑏𝑡, 𝑧 = 𝑧0 + 𝑐𝑡 

 
 


